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Abstract We modify the Einstein-Schro¨dinger theory to include a cosmolog-
ical constant Λz which multiplies the symmetric metric, and we show how the
theory can be easily coupled to additional fields. The cosmological constant
Λz is assumed to be nearly cancelled by Schro¨dinger’s cosmological constant
Λb which multiplies the nonsymmetric fundamental tensor, such that the to-
tal Λ=Λz+Λb matches measurement. The resulting theory becomes exactly
Einstein-Maxwell theory in the limit as |Λz|→∞. For |Λz|∼1/(Planck length)2
the field equations match the ordinary Einstein and Maxwell equations ex-
cept for extra terms which are <10−16 of the usual terms for worst-case field
strengths and rates-of-change accessible to measurement. Additional fields can
be included in the Lagrangian, and these fields may couple to the symmetric
metric and the electromagnetic vector potential, just as in Einstein-Maxwell
theory. The ordinary Lorentz force equation is obtained by taking the di-
vergence of the Einstein equations when sources are included. The Einstein-
Infeld-Hoffmann (EIH) equations of motion match the equations of motion for
Einstein-Maxwell theory to Newtonian/Coulombian order, which proves the
existence of a Lorentz force without requiring sources. This fixes a problem
of the original Einstein-Schro¨dinger theory, which failed to predict a Lorentz
force. An exact charged solution matches the Reissner-Nordstro¨m solution ex-
cept for additional terms which are ∼10−66 of the usual terms for worst-case
radii accessible to measurement. An exact electromagnetic plane-wave solution
is identical to its counterpart in Einstein-Maxwell theory.
Keywords Einstein-Schrodinger Theory, Einstein-Straus Theory, Cosmolog-
ical Constant
J. A. Shifflett
Washington University, Department of Physics,
1 Brookings Drive
St. Louis, Missouri 63130
E-mail: shifflet@hbar.wustl.edu
21 Introduction
The Einstein-Schro¨dinger theory is a generalization of vacuum general rela-
tivity which allows non-symmetric fields. The theory without a cosmological
constant was first proposed by Einstein and Straus[1,2,3,4,5]. Schro¨dinger
later showed that it could be derived from a very simple Lagrangian density
if a cosmological constant was included[6,7,8]. Einstein and Schro¨dinger sus-
pected that the theory might include electrodynamics, but no Lorentz force
was found[9,10] when using the Einstein-Infeld-Hoffmann (EIH) method[11,
12]. Here we show that a simple modification of the Einstein-Schro¨dinger the-
ory closely approximates Einstein-Maxwell theory, and the Lorentz force does
result from the EIH method, and in fact the ordinary Lorentz force equation
results when sources are included. The modification is the addition of a sec-
ond cosmological term Λzgµν , where gµν is the symmetric metric. We assume
this term nearly cancels Schro¨dinger’s “bare” cosmological term ΛbNµν , where
Nµν is the nonsymmetric fundamental tensor. The total cosmological constant
Λ = Λb + Λz can then match cosmological measurements of the accelerating
universe. Our theory is related to one in [13], but it is roughly the electromag-
netic dual of that theory, and it allows coupling to additional fields (sources),
and it allows Λ 6= 0.
The origin of our Λz is unknown. One possibility is that Λz could arise from
vacuum fluctuations, an idea that has been discussed by many authors[14,15,
16,17]. Zero-point fluctuations are essential to both QED and the Standard-
Model, and are the cause of the Casimir force[15] and other effects. Another
possibility is that Λz arises dynamically, related to the minimum of a potential
of some additional field in the theory. Speculation about the origin of this
second cosmological constant is beyond the scope of this paper. Our main goal
here is to demonstrate that the theory closely approximates Einstein-Maxwell
theory.
Like Einstein-Maxwell theory, our theory can be coupled to additional fields
using a symmetric metric gµν and vector potential Aµ, and it is invariant under
a U(1) gauge transformation. The theory does not enlarge the invariance group.
When coupled to the Standard Model, the combined Lagrangian is invariant
under the usual U(1)⊗SU(2)⊗SU(3) gauge group. The usual U(1) gauge term
FµνFµν is incorporated together with the geometry, and is not explicitly in the
Lagrangian. Whether this is a step backwards from Einstein-Maxwell theory
coupled to the Standard Model, or whether the SU(2) and SU(3) gauge terms
could also be incorporated using non-Abelian fields as in [18,19], or by using
higher space-time dimensions, is speculation beyond the scope of this paper.
This paper is organized as follows. In §2 we discuss the Lagrangian den-
sity. In §3-§5 we derive the field equations and quantify how closely they ap-
proximate the field equations of Einstein-Maxwell theory. In §6 we derive the
ordinary Lorentz force equation by taking the divergence of the Einstein equa-
tions when sources are included. In §7 we derive the Lorentz force using the
EIH method, which requires no sources in the Lagrangian. In §8 we give an
exact charged solution and show that it closely approximates the Reissner-
3Nordstro¨m solution. In §9 we give an exact electromagnetic plane-wave solu-
tion which is identical to its counterpart in Einstein-Maxwell theory.
2 The Lagrangian density
Einstein-Maxwell theory can be derived from a Palatini Lagrangian density,
L(Γ λρτ , gρτ , Aν) = − 116π
√−g [ gµνRνµ(Γ ) + (n−2)Λb ]
+ 1
4π
√−gA[α,ρ]gαµgρνA[µ,ν] + Lm(uν , ψ, gµν , Aν · · ·). (1)
Here Λb is a bare cosmological constant. The Lm term couples the metric gµν
and electromagnetic potential Aµ to additional fields, such as a hydrodynamic
velocity vector uν , spin-1/2 wavefunction ψ, or perhaps the other fields of
the Standard Model. The original Einstein-Schro¨dinger theory allows a non-
symmetric Nµν and Γ̂
λ
ρτ in place of the symmetric gµν and Γ
λ
ρτ , and excludes
the
√−gA[α,ρ]gαµgρνA[µ,ν] term. Our “Λ-renormalized” Einstein-Schro¨dinger
theory introduces an additional cosmological term
√−gΛz,
L(Γ̂ λρτ , Nρτ ) = − 116π
√
−N
[
N⊣µνRνµ(Γ̂ ) + (n−2)Λb
]
− 1
16π
√−g (n−2)Λz + Lm(uν , ψ, gµν , Aν . . .), (2)
where Λb≈−Λz so that the total Λ matches astronomical measurements[20],
Λ = Λb + Λz ≈ 10−56cm−2, (3)
and the physical metric and electromagnetic potential are defined to be
√−g gµν =
√
−NN⊣(µν), Aν = Γ̂ σ[νσ]/[(n−1)
√
−2Λb ]. (4)
Eq. (4) defines gµν unambiguously because
√−g = [−det(√−g gµν)]1/(n−2).
Here and throughout this paper we use geometrized units with c = G = 1,
the symbols ( ) and [ ] around indices indicate symmetrization and antisym-
metrization, g=det(gµν), N=det(Nµν), and N
⊣σν is the inverse of Nνµ such
thatN⊣σνNνµ=δ
σ
µ . The dimension is assumed to be n=4, but “n” is retained in
the equations to show how easily the theory can be generalized. The Lm term
is not to include a
√−gA[α,β]gαµgβνA[µ,ν] part but may contain the rest of the
Standard Model. In (2), Rνµ(Γ̂ ) is a form of Hermitianized Ricci tensor[1],
Rνµ(Γ̂ ) = Γ̂ανµ,α − Γ̂α(α(ν),µ) + Γ̂ σνµΓ̂α(ασ) − Γ̂ σναΓ̂ασµ− Γ̂ τ[τν]Γ̂α[αµ]/(n−1). (5)
This tensor reduces to the ordinary Ricci tensor when Γα[νµ]=0 and Γ
α
α[ν,µ]=0,
as occurs in ordinary general relativity.
It is helpful to decompose Γ̂ανµ into a new connection Γ˜
α
νµ, and Aσ from (4),
Γ̂ανµ = Γ˜
α
νµ + (δ
α
µAν− δανAµ)
√
−2Λb, (6)
where Γ˜ανµ = Γ̂
α
νµ+ (δ
α
µ Γ̂
σ
[σν] − δαν Γ̂ σ[σµ])/(n−1). (7)
4By contracting (7) on the right and left we see that Γ˜ανµ has the symmetry
Γ˜ανα= Γ̂
α
(να)= Γ˜
α
αν , (8)
so it has only n3−n independent components. Substituting (6) into (5) gives
Rνµ(Γ̂ ) = Rνµ(Γ˜ ) + 2A[ν,µ]
√
−2Λb. (9)
Using (9), the Lagrangian density (2) can be written in terms of Γ˜ανµ and Aσ,
L(Γ̂ λρτ , Nρτ ) =− 116π
√−N
[
N⊣µν(R˜νµ + 2A[ν,µ]
√
−2Λb ) + (n−2)Λb
]
− 1
16π
√−g (n−2)Λz + Lm(uν , ψ, gµν , Aσ . . .). (10)
Here R˜νµ=Rνµ(Γ˜ ), and from (8,5) we have
R˜νµ = Γ˜ανµ,α − Γ˜αα(ν,µ) + Γ˜ σνµΓ˜ασα − Γ˜ σναΓ˜ασµ. (11)
From (6,8), Γ˜ανµ and Aν fully parameterize Γ̂
α
νµ and can be treated as in-
dependent variables. It is simpler to calculate the field equations by setting
δL/δΓ˜ανµ= 0 and δL/δAν= 0 instead of setting δL/δΓ̂ανµ= 0, so we will follow
this method.
To do quantitative comparisons of this theory to Einstein-Maxwell theory
we will need to use some value for Λz. One possibility is that Λz results from
zero-point fluctuations[14,15,16,17], in which case using (3) we get
Λb ≈ −Λz ∼ Czω4c l2P ∼1066cm−2, (12)
ωc = (cutoff frequency)∼1/lP , (13)
Cz =
1
2π
(
fermion
spin states−
boson
spin states
)
∼ 60
2π
(14)
where lP = (Planck length) = 1.6 × 10−33cm. We will also consider the limit
ωc→∞, |Λz|→∞, Λb→∞ as in QED, and we will prove that
lim
|Λz|→∞
(
Λ-renormalized
Einstein-Schro¨dinger theory
)
=
(
Einstein-Maxwell
theory
)
. (15)
The Hermitianized Ricci tensor (5) has the following invariance properties
Rνµ(Γ̂ T ) = Rµν(Γ̂ ) (T = transpose), (16)
Rνµ(Γ̂αρτ+ δα[ρϕ,τ ]) = Rνµ(Γ̂αρτ ) for an arbitrary ϕ(xσ). (17)
From (16,17), the Lagrangians (2,10) are invariant under charge conjugation,
Q→−Q, Aσ→−Aσ, Γ˜ανµ→ Γ˜αµν , Γ̂ανµ→ Γ̂αµν , Nνµ→Nµν , N⊣νµ→N⊣µν, (18)
and also under an electromagnetic gauge transformation
ψ→ψeiφ, Aα→Aα− h¯
Q
φ,α, Γ˜
α
ρτ→ Γ˜αρτ , Γ̂αρτ→ Γ̂αρτ+2h¯Q δ
α
[ρφ,τ ]
√
−2Λb, (19)
5assuming that Lm is invariant. With Λb> 0, Λz< 0 as in (12) then Γ˜ανµ, Γ̂ανµ,
Nνµ and N
⊣νµ are all Hermitian, R˜νµ and Rνµ(Γ̂ ) are Hermitian from (16),
and gνµ, Aσ and L are real from (4,2,10).
In this theory the metric (4) is used for measuring space-time intervals, for
calculating geodesics, and for raising and lowering of indices. The covariant
derivative “;” is always done using the Christoffel connection formed from gµν ,
Γανµ =
1
2
gασ(gµσ,ν + gσν,µ − gνµ,σ). (20)
We will see that taking the divergence of the Einstein equations using (20,4)
gives the ordinary Lorentz force equation. The electromagnetic field is defined
in terms of the potential (4)
Fµν = Aν,µ −Aµ,ν . (21)
However, we will also define another field fµν
√−g fµν =
√
−NN⊣[νµ]Λ1/2b /
√
2 i. (22)
Then from (4), gµν and fµν
√
2 iΛ
−1/2
b are parts of a total field,
(
√
−N/√−g )N⊣νµ = gµν+fµν
√
2 iΛ
−1/2
b . (23)
We will see that the field equations require fµν≈Fµν to a very high precision.
The definitions (4) of gµν and Aν in terms of the “fundamental” fields Nρτ , Γ̂
λ
ρτ
may seem unnatural from an empirical viewpoint. On the other hand, our
Lagrangian density (2) seems simpler than (1) of Einstein-Maxwell theory, it
contains fewer fields, and these fields have no symmetry restrictions. However,
these are all very subjective considerations. It is much more important that
our theory closely matches Einstein-Maxwell theory, and hence measurement.
Note that there are many nonsymmetric generalizations of the Ricci tensor
besides the Hermitianized Ricci tensor Rνµ(Γ̂ ) from (5) and the ordinary
Ricci tensor Rνµ(Γ̂ ). For example, we could form any weighted average of
Rνµ(Γ̂ ), Rµν(Γ̂ ), Rνµ(Γ̂
T ) and Rµν(Γ̂
T ), and then add any linear combination
of the tensors Γ̂αα[ν,µ], Γ̂
α
[ν|α,|µ], Γ̂
α
[νµ]Γ̂
σ
[σα], Γ̂
α
[νσ]Γ̂
σ
[µα], and Γ̂
α
[αν]Γ̂
σ
[σµ]. All of these
generalized Ricci tensors would be linear in Γ̂ανµ,σ, quadratic in Γ̂
α
νµ, and would
reduce to the ordinary Ricci tensor when Γα[νµ]=0 and Γ
α
α[ν,µ]=0 as occurs in
ordinary general relativity. Even if we limit the tensor to only four terms, there
are still eight possibilities. We assert that invariance properties like (16,17) are
the most sensible way to choose among the different alternatives, not criteria
such as the number of terms in the expression.
Finally, let us discuss some notation issues. We use the symbol Γανµ for the
Christoffel connection (20) whereas Einstein and Schro¨dinger used it for our
Γ˜ανµ and Γ̂
α
νµ respectively. We use the symbol gµν for the symmetric metric
(4) whereas Einstein and Schro¨dinger used it for our Nµν , the nonsymmetric
fundamental tensor. Also, to represent the inverse of Nαµ we use N
⊣σα instead
6of the more conventional Nασ, because this latter notation would be ambigu-
ous when using gµν to raise indices. While our notation differs from previous
literature on the Einstein-Schro¨dinger theory, this change is required by our
explicit metric definition, and it is necessary to be consistent with the much
larger body of literature on Einstein-Maxwell theory.
3 The Einstein equations
To set δL/δ(√−NN⊣µν) = 0 we need some initial results. Using (4) and the
identities det(sM )= sndet(M ), det(M−1)= 1/det(M ) gives
√
−N = (−det(
√
−NN⊣µν))1/(n−2), (24)√−g = (−det(√−g gµν))1/(n−2) = (−det(
√
−NN⊣(µν)))1/(n−2). (25)
Using (24,25,4) and the identity ∂(det(M ··))/∂Mµν= M−1νµ det(M
··) gives
∂
√−N
∂(
√−NN⊣µν) =
Nνµ
(n−2) ,
∂
√−g
∂(
√−NN⊣µν) =
gνµ
(n−2) . (26)
Setting δL/δ(√−NN⊣µν)= 0 using (10,26) gives the field equations,
R˜νµ+ 2A[ν,µ]
√
−2Λb+ ΛbNνµ+ Λzgνµ= 8πSνµ, (27)
where Sνµ and the energy-momentum tensor Tνµ are defined by
Sνµ≡ 2 δLm
δ(
√−NN⊣µν) = 2
δLm
δ(
√−ggµν) , (28)
Tνµ ≡ Sνµ− 1
2
gνµS
α
α , Sνµ = Tνµ−
1
(n− 2)gνµT
α
α . (29)
The second equality in (28) results because Lm in (2) contains only the metric√−g gµν=√−NN⊣(µν) from (4), and not √−NN⊣[µν]. Taking the symmetric
and antisymmetric parts of (27) and using (21) gives
R˜(νµ) + ΛbN(νµ) + Λzgνµ = 8π
(
Tνµ − 1
(n− 2)gνµT
α
α
)
, (30)
N[νµ] = Fνµ
√
2 iΛ
−1/2
b − R˜[νµ]Λ−1b . (31)
Also from the curl of (31) we get
R˜[νµ,σ] + ΛbN[νµ,σ] = 0. (32)
To put (30) into a form which looks more like the ordinary Einstein equa-
tions, we need some preliminary results. The definitions (4,22) of gνµ and fνµ
7can be inverted exactly to give Nνµ in terms of gνµ and fνµ. An expansion in
powers of Λ−1b will better serve our purposes, and is derived in Appendix A,
N(νµ)=gνµ − 2
(
fν
σfσµ − 1
2(n−2)gνµf
ρσfσρ
)
Λ−1b + (f
4)Λ−2b . . . (33)
N[νµ]=fνµ
√
2 iΛ
−1/2
b + (f
3)Λ
−3/2
b . . . . (34)
Here the notation (f3) and (f4) is for terms like fναf
α
σf
σ
µ and fναf
α
σf
σ
ρf
ρ
µ.
Let us consider the size of these higher order terms relative to the leading order
term for worst-case fields accessible to measurement. In geometrized units an
elementary charge has
Qe = e
√
G
c4
=
√
e2
h¯c
Gh¯
c3
=
√
α lP = 1.38× 10−34cm (35)
where α = e2/h¯c is the fine structure constant and lP =
√
Gh¯/c3 is the Planck
length. If we assume that charged particles retain f10 ∼ Q/r2 down to the
smallest radii probed by high energy particle physics experiments (10−17cm)
we have from (35,12),
|f10|2/Λb ∼ (Qe/(10−17)2)2/Λb ∼ 10−66. (36)
Here |f10| is assumed to be in some standard spherical or cartesian coordi-
nate system. If an equation has a tensor term which can be neglected in one
coordinate system, it can be neglected in any coordinate system, so it is only
necessary to prove it in one coordinate system. The fields at 10−17cm from an
elementary charge would be larger than near any macroscopic charged object,
and would also be larger than the strongest plane-wave fields. Therefore the
higher order terms in (33-34) must be < 10−66 of the leading order terms, so
they will be completely negligible for most purposes.
In §5 we will calculate the connection equations resulting from δL/δΓ˜ανµ=0.
Solving these equations gives (53,54,57,59), which can be abbreviated as
Γ˜α(νµ) = Γ
α
νµ +O(Λ−1b ), Γ˜α[νµ] = O(Λ−1/2b ), (37)
G˜νµ = Gνµ+O(Λ−1b ), R˜[νµ] = O(Λ−1/2b ), (38)
where Γανµ is the Christoffel connection (20), R˜νµ=Rνµ(Γ˜ ), Rνµ=Rνµ(Γ ) and
G˜νµ = R˜(νµ) − 1
2
gνµR˜ρρ, Gνµ = Rνµ − 12 gνµR. (39)
In (38) the notation O(Λ−1b ) and O(Λ−1/2b ) indicates terms like fσν;αfαµ;σΛ−1b
and f[νµ,α];
αΛ
−1/2
b .
From the antisymmetric part of the field equations (31) and (34,38) we get
fνµ = Fνµ +O(Λ−1b ). (40)
8So fνµ and Fνµ only differ by terms with Λb in the denominator, and the two
become identical in the limit as Λb→∞. Combining (30) with its contraction,
and substituting (39,33,3) gives the Einstein equations
G˜νµ = 8πTνµ − Λb
(
N(νµ)−
1
2
gνµN
ρ
ρ
)
+Λz
(n
2
− 1
)
gνµ, (41)
= 8πTνµ + 2
(
fν
σfσµ− 1
4
gνµf
ρσfσρ
)
+ Λ
(n
2
− 1
)
gνµ + (f
4)Λ−1b . . . .(42)
From (28,29) we see that Tνµ will be the same as in ordinary general relativ-
ity, for example when we include classical hydrodynamics or spin-1/2 fields
as in [21,22]. Therefore from (40,38), equation (42) differs from the ordinary
Einstein equations only by terms with Λb in the denominator, and it becomes
identical to the ordinary Einstein equations in the limit as Λb→∞ (with an
observationally valid total Λ). In §5 we will examine how close the approxi-
mation is for Λb from (12).
4 Maxwell’s equations
Setting δL/δAτ = 0 and using (10,22) gives
0 =
√
2 iΛ
1/2
b
2
√−g (
√
−NN⊣[ωτ ]), ω − 4πjτ = (
√−gfωτ ), ω√−g − 4πj
τ , (43)
where
jτ =
−1√−g
[
∂Lm
∂Aτ
−
(
∂Lm
∂Aτ,ω
)
, ω
]
. (44)
From (43,21) we get Maxwell’s equations,
fωτ ;ω = 4πj
τ , (45)
F[νµ,α] = 0. (46)
where fνµ = Fνµ +O(Λ−1b ) from (40). From (2,44) we see that jµ will be the
same as in ordinary general relativity, for example when we include classical
hydrodynamics or spin-1/2 fields as in [21,22]. From (40), we see that equations
(45,46) differ from the ordinary Maxwell equations only by terms with Λb
in the denominator, and these equations become identical to the ordinary
Maxwell equations in the limit as Λb→∞. In §5 we will examine how close
the approximation is for Λb from (12).
Because Lm in (2) couples to additional fields only through gµν and Aµ,
any equations associated with additional fields will be the same as in ordinary
general relativity. For example in the spin-1/2 case, setting δL/δψ¯ = 0 will
give the ordinary Dirac equation in curved space as in [21,22]. It would be
interesting to investigate what results if one includes fµν , Nµν or Γ˜
α
µν in Lm,
9although there does not appear to be any empirical reason for doing so. A
continuity equation follows from (45) regardless of the type of source,
jρ;ρ =
1
4π
f τρ;[τ ;ρ] = 0. (47)
Note that the covariant derivative in (45,47) is done using the Christoffel
connection (20) formed from the symmetric metric (4).
5 The connection equations
Setting δL/δΓ˜ανµ= 0 with a Lagrange mulitiplier term ΩµΓ˜ σ[µσ] to enforce the
symmetry (8), and using (10,43) gives
(
√
−NN⊣ρτ ), β + Γ˜ τσβ
√
−NN⊣ρσ + Γ˜ ρβσ
√
−NN⊣στ − Γ˜αβα
√
−NN⊣ρτ
=
8π
√
2 i
(n−1)Λ1/2b
√−gj[ρδτ ]β . (48)
These are the connection equations, analogous to gρτ ;β = 0 in the symmet-
ric case. Note that we can also derive Ampere’s law (43) by antisymmetriz-
ing and contracting these equations. From the definition of matrix inverse,
N⊣ρτ=(1/N)∂N/∂Nτρ and N
⊣ρτNτµ=δ
ρ
µ we get the identity
(
√
−N ),σ = ∂
√−N
∂Nτρ
Nτρ,σ =
√−N
2
N⊣ρτNτρ,σ = −
√−N
2
N⊣ρτ ,σNτρ. (49)
Contracting (48) with Nτρ using (8,49), and dividing this by (n−2) gives,
(
√
−N ), β − Γ˜ααβ
√
−N = − 8π
√
2 i
(n−1)(n−2)Λ1/2b
√−gjρN[ρβ]. (50)
Multiplying (48) by −NνρNτµ and using (50) gives
Nνµ,β−Γ˜ανβNαµ−Γ˜αβµNνα=
−8π√2 i
(n−1)Λ1/2b
√−g√−N
(
Nν[αNβ]µ+
N[αβ]Nνµ
(n−2)
)
jα. (51)
Equation (51) together with (30,32,8) are often used to define the Einstein-
Schro¨dinger theory, particularly when Tνµ=0, j
α=0.
Equations (48) or (51) can be solved exactly[23,24], similar to the way
gρτ ;β = 0 can be solved to get the Christoffel connection. An expansion in
powers of Λ−1b will better serve our purposes, and such an expansion is derived
in Appendix E of [21], and is also stated without derivation in [25],
Γ˜ανµ=Γ
α
νµ + Υ
α
νµ, (52)
Υα(νµ)=−2
[
f τ(νfµ)
α
;τ+ f
ατfτ(ν;µ)+
1
4(n−2)((f
ρσfσρ),
αgνµ− 2(fρσfσρ),(νδαµ))
+
4π
(n−2)j
ρ
(
fαρ gνµ +
2
(n−1)fρ(νδ
α
µ)
)]
Λ−1b + (f
4′)Λ−2b . . . , (53)
Υα[νµ]=
[
1
2
(fνµ;
α+fαµ;ν−fαν;µ) + 8π
(n−1)j[νδ
α
µ]
]√
2 iΛ
−1/2
b + (f
3′)Λ
−3/2
b . . . .(54)
10
In (52), Γανµ is the Christoffel connection (20). The notation (f
3′) and (f4′)
refers to terms like fατf
τ
σf
σ
[ν;µ] and f
α
τf
τ
σf
σ
ρf
ρ
(ν;µ). As in (33,34), we
see from (36) that the higher order terms in (53-54) must be < 10−66 of the
leading order terms, so they will be completely negligible for most purposes.
Extracting Υ τσβ of (52) from the Hermitianized Ricci tensor (11) gives,
R(νµ)(Γ˜ )= Rνµ(Γ ) + Υα(νµ);α−Υαα(ν;µ)−Υ σ(να)Υα(σµ)−Υ σ[να]Υα[σµ]+Υ σ(νµ)Υασα, (55)
R[νµ](Γ˜ )= Υα[νµ];α−Υ σ(να)Υα[σµ]−Υ σ[να]Υα(σµ)+Υ σ[νµ]Υασα. (56)
Substituting (52-54,45) into (55), and using (39) gives
(G˜νµ −Gνµ) =
−
(
2f τ (νfµ)
α
;τ ;α + 2f
ατfτ(ν;µ);α−fσν;αfαµ;σ+ fσν;αfσµ;α +
1
2
fσα;νf
α
σ; µ
− gνµf τβfβα;τ ;α− 1
4
gνµ(f
ρσfσρ),
α
;α − 3
4
gνµf[σβ;α]f
[σβ
;
α]
+8πjτfτ(ν;µ) −
32π2
(n−1)jνjµ +
16π2
(n−1)gνµj
ρjρ + (f
4)
)
Λ−1b . . . . (57)
From (42) we can define an “effective” energy momentum tensor T˜νµ which
applies when Gνµ is used in the Einstein equations and Lm=0,
8πT˜νµ = 2
(
fν
σfσµ− 1
4
gνµf
ρσfσρ
)
− (G˜νµ −Gνµ). (58)
Substituting (54,45) into (56) gives
R˜[νµ] =
(
3
2
f[νµ,α];
α+2fαµ;[ν;α]−2fαν;[µ;α]−
8π(n−2)
(n−1) j[ν,µ]
)√
2 iΛ
−1/2
b . . . .(59)
As we have noted in §3 and §4, the Λb in the denominator of (57,59) causes
our Einstein and Maxwell equations (42,45,46) to become the ordinary Einstein
and Maxwell equations in the limit as ωc→∞, |Λz|→∞, Λb→∞, and it also
causes the relation fνµ≈Fνµ from (40) to become exact in this limit. Let us
examine how close these approximations are when Λb ∼ 1066cm−2 as in (12).
We will start with the Einstein equations (42). Let us consider worst-case
values of the O(Λ−1b ) terms in (57) and compare these to the ordinary electro-
magnetic term in (58). If we assume that charged particles retain f10∼Q/r2
down to the smallest radii probed by high energy particle physics experiments
(10−17cm) we have,
|f10;1/f10|2/Λb ∼ 4/Λb (10−17)2 ∼ 10−32, (60)
|f10;1;1/f10|/Λb ∼ 6/Λb (10−17)2 ∼ 10−32. (61)
So for electric monopole fields, terms like fσν;αf
α
µ;σΛ
−1
b and f
ατfτ(ν;µ);αΛ
−1
b
in (57) must be < 10−32 of the ordinary electromagnetic term in (58). And
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regarding jτ as a substitute for (1/4π)fωτ ;ω from (45), the same is true for
the jτ terms. For an electromagnetic plane-wave in a flat background space
Aµ = Aǫµsin(kαx
α) , ǫαǫα = −1 , kαkα = kαǫα = 0, (62)
fνµ = 2A[µ,ν] = 2Aǫ[µkν]cos(kαx
α), jσ = 0. (63)
Here A is the magnitude, kα is the wavevector, and ǫα is the polarization.
Substituting (62,63) into (57), all of the terms vanish for a flat background
space. Also, for the highest energy gamma rays known in nature (1020eV,
1034Hz) we have from (12),
|f10;1/f10|2/Λb ∼ (E/h¯c)2/Λb ∼ 10−16, (64)
|f10;1;1/f10|/Λb ∼ (E/h¯c)2/Λb ∼ 10−16. (65)
So for electromagnetic plane-wave fields, even if some of the terms in (57)
were non-zero because of spatial curvatures, they must still be <10−16 of the
ordinary electromagnetic term in (58). Therefore even for the most extreme
worst-case fields accessible to measurement, the extra terms in the Einstein
equations (42) must all be <10−16 of the ordinary electromagnetic term.
Now let us look at the approximation fνµ≈Fνµ from (40), and Maxwell’s
equations (45,46). From the covariant derivative commutation rule, the cyclic
identity 2Rν[τα]µ = Rνµατ , the definition of the Weyl tensor Cνµατ , and the
Einstein equations Rνµ = −Λgνµ + (f2) . . . from (42) we get
2fαν;[µ;α] =
1
2
fατCατνµ +
(n−2)Λ
(n−1) fνµ + (f
3) . . . . (66)
Substituting (34) into the field equations (31) and using (59,66) we get
fνµ=Fνµ+
(
θ[τ,α]ενµ
τα+fατCατνµ+
2(n−2)Λ
(n−1) fνµ
+
8π(n−2)
(n−1) j[ν,µ]+(f
3)
)
Λ−1b . . . (67)
where ετνµα = (Levi−Civita tensor), Cατνµ = (Weyl tensor), and
θτ =
1
4
f[νµ,α]ετ
νµα, f[νµ,α] = −2
3
θτε
τ
νµα. (68)
The θ[τ,α]ενµ
ταΛ−1b term in (67) is divergenceless so that it has no effect on
Ampere’s law (45). The fνµΛ/Λb term is ∼ 10−122 of fνµ from (3,12). The
(f3)Λ−1b term is < 10
−66 of fνµ from (36). The largest observable values of
the Weyl tensor might be expected to occur near the Schwarzschild radius,
rs=2Gm/c
2, of black holes, where it takes on values around rs/r
3. The largest
value of rs/r
3 would occur near the lightest black holes, which would be of
about one solar mass, where from (12),
C0101
Λb
∼ 1
Λbr2s
=
1
Λb
(
c2
2Gm⊙
)2
∼10−77. (69)
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And regarding jτ as a substitute for (1/4π)fωτ ;ω from (45), the j[ν,µ]Λ
−1
b term
is < 10−32 of fνµ from (61). Therefore, the last four terms in (67) must all
be < 10−32 of fνµ. Consequently, even for the most extreme worst-case fields
accessible to measurement, the extra terms in Maxwell’s equations (45,46)
must be <10−32 of the ordinary terms.
The divergenceless term θ[τ,α]ενµ
ταΛ−1b of (67) should also be expected to
be <10−32 of fνµ from (60,61,68). However, we need to consider the possibility
where θτ changes extremely rapidly. Taking the curl of (67), the Fνµ and j[ν,µ]
terms drop out, and we get something similar to the Proca equation[26,27],
θρ =
(
− θρ;σ;σ + 1
2
ερ
σνµ(fατCατ [νµ),σ] +
(3n−7)Λ
(n−1) θρ + (f
3′)
)
1
2Λb
. . . . (70)
Here the constraint θν;ν = 0 results from the definition (68) and we are using
a (1,−1,−1,−1) metric signature. Eq. (70) suggests that θρ Proca-wave so-
lutions might exist in this theory. Assuming that the magnitude of Cατνµ is
roughly proportional to θρ for such waves, and assuming that fµν goes accord-
ing to (67) with Fµν=0, the extra terms in (70) could perhaps be neglected in
the weak field approximation. Using (70) and Λb≈−Λz =Czω4c l2P from (12),
such Proca-wave solutions would have an extremely high minimum frequency
ωProca=
√
2Λb ≈
√
2Cz ω
2
c lP ∼ 1043rad/s, (71)
where the cutoff frequency ωc and Cz come from (13,14).
There are several points to make about (70,71). 1) A particle associated
with a θρ field would have mass h¯ωProca, which is much greater than could be
produced by particle accelerators, and so it would presumably not conflict with
high energy physics experiments. 2) We have recently shown that sin[ kr−ωt]
Proca-wave solutions do not exist in the theory, using an asyptotically flat
Newman-Penrose 1/r expansion similar to [28,29]. However, it is still possible
that wave-packet solutions could exist. 3) Substituting the k = 0 flat space
Proca-wave solution θρ = (0, 1, 0, 0)sin[ωProcat] and Fµν = 0 into (67,58,57),
and assuming a flat background space gives T˜00 = −2/Λb < 0. This suggests
that Proca-wave solutions might have negative energy, but because sin[ kr−ωt]
solutions do not exist, and because of the other approximations used, this
calculation is extremely uncertain. 4) With a cutoff frequency ωc∼1/lP from
(13) we have ωProca> ωc from (71,13,14), so Proca-waves would presumably
be cut off. More precisely, (71) says that Proca-waves would be cut off if
ωc > 1/(lP
√
2Cz ). Whether ωc is caused by a discreteness, uncertainty or
foaminess of spacetime near the Planck length[30,31,32,33,34], or by some
other effect, the same ωc which cuts off Λz in (12) should also cut off very
high frequency electromagnetic and gravitational waves, and Proca-waves. 5)
If wave-packet Proca-wave solutions do exist, and they have negative energy,
it is possible that θρ could function as a kind of built-in Pauli-Villars field.
Pauli-Villars regularization in quantum electrodynamics requires a negative
energy Proca field with a mass h¯ωProca that goes to infinity as ωc→∞, as
we have from (71). 6) As mentioned initially, it might be more correct to
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take the limit of this theory as ωc→∞, |Λz| →∞, Λb→∞, as in quantum
electrodynamics. In this limit (70,71) require that θρ→0 or ωProca→∞, and
the theory becomes exactly Einstein-Maxwell theory as in (15). 7) Finally, we
should emphasize that Proca-wave solutions are only a possibility suggested
by equation (70). Their existence and their possible interpretation are just
speculation at this point. We are continuing to pursue these questions.
6 The Lorentz force equation
A generalized contracted Bianchi identity for this theory can be derived using
only the connection equations (48) and the symmetry (8) of Γ˜ανµ,
(
√
−NN⊣νσR˜σλ +
√
−NN⊣σνR˜λσ),ν −
√
−NN⊣νσR˜σν,λ = 0. (72)
This identity can also be written in terms of gρτ , fρτ and G˜νµ from (4,22,39),
G˜σν; σ =
(
3
2
fσρ R˜[σρ,ν] + fασ;αR˜[σν]
)√
2 iΛ
−1/2
b . (73)
The identity was originally derived[3,7] assuming jν=0 in (48). The derivation
for jν 6=0 was first done[25] by applying an infinitesimal coordinate transfor-
mation to an invariant integral, and it is also done in Appendix B of [21] using a
much different direct computation method. Clearly (72,73) are generalizations
of the ordinary contracted Bianchi identity 2(
√−g Rνλ),ν−√−g gνσRσν,λ=0
or Gσν;σ=0, which is also valid in this theory.
Another useful identity[13] can be derived using only the definitions (4,22)(
N (µν)− 1
2
δµνN
ρ
ρ
)
;µ =
(
3
2
fσρN[σρ,ν] + f
σρ
;σN[ρν]
)√
2 iΛ
−1/2
b . (74)
The ordinary Lorentz force equation results from taking the divergence of
the Einstein equations (41) using (73,45,31,74,21)
T σν;σ =
1
8π
[
G˜σν; σ + Λb
(
N (µν)− 1
2
δµνN
ρ
ρ
)
;µ
]
= Fνσj
σ. (75)
Note that the covariant derivatives in (73,74,75) are all done using the Christof-
fel connection (20) formed from the symmetric metric (4).
7 The Einstein-Infeld-Hoffmann Equations of motion
For Einstein-Maxwell theory, the EIH method allows the equations of mo-
tion to be derived directly from the electro-vac field equations. For neutral
particles the method has been verified to Post-Newtonian order[11], and in
fact it was the method first used to derive the Post-Newtonian equations
of motion[35]. For charged particles the method has been verified to Post-
Coulombian order[12,36,37], meaning that it gives the same result as the Dar-
win Lagrangian[27]. In §6 we derived the exact Lorentz force equation for
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this theory by including source terms in the Lagrangian. Here we derive the
Lorentz force using the EIH method because it requires no source terms, and
also to show definitely that the well known negative result of [9,10] for the
unmodified Einstein-Schro¨dinger theory does not apply to the present theory.
We will only cover the bare essentials of the EIH method which are necessary
to derive the Lorentz force. We will also only calculate the equations of motion
to Newtonian/Coulombian order, because this is the order where the Lorentz
force first appears.
The EIH method assumes the “slow motion approximation”, meaning that
v/c≪1. The fields are expanded in the form[11,12,36,37],
gµν = ηµν + γµν− ηµνησργσρ/2, (76)
γ00 = 2γ00λ
2 + 4γ00λ
4 . . . (77)
γ0k = 3γ0kλ
3 + 5γ0kλ
5 . . . (78)
γik = 4γikλ
4 . . . (79)
A0 = 2A0λ
2 + 4A0λ
4 . . . (80)
Ak = 3Akλ
3 + 5Akλ
5 . . . (81)
f0k = 2f0kλ
2 + 4f0kλ
4 . . . (82)
fik = 3fikλ
3 + 5fikλ
5 . . . (83)
where λ ∼ v/c is the expansion parameter, the order of each term is indicated
with a left subscript[9], ηµν = diag(1,−1,−1,−1), and Latin indices run from
1-3. The field γµν (often called h¯µν in other contexts) is used instead of gµν only
because it simplifies the calculations. Because λ ∼ v/c, when the expansions
are substituted into the Einstein and Maxwell equations, a time derivative
counts the same as one higher order in λ. The general procedure is to substitute
the expansions, and solve the resulting field equations order by order in λ,
continuing to higher orders until a desired level of accuracy is achieved. At
each order in λ, one of the lγµν terms and one of the lfµν terms will be
unknowns, and the equations will involve known results from previous orders
because of the nonlinearity of the Einstein equations.
The expansions (77-83) use only alternate powers of λ essentially because
the Einstein and Maxwell equations are second order differential equations[35],
although for higher powers of λ, all terms must be included to predict radiation[12,
36,37]. Because λ∼v/c, the expansions have the magnetic components Ak and
fik due to motion at one order higher in λ than the electric components A0
and f0i. As in [12,36,37], f0k and fik have even and odd powers of λ respec-
tively. This is the opposite of [9,10] because we are assuming a direct defi-
nition of the electromagnetic field (22,34,67,21) instead of the dual definition
fαρ = εαρσµN[σµ]/2 assumed in [9,10].
The field equations are assumed to be of the standard form
Gµν = 8πTµν where Gµν = Rµν − 1
2
gµνg
αβRαβ , (84)
or Rµν = 8πSµν where Sµν = Tµν − 1
2
gµνg
αβ Tαβ . (85)
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However, with the EIH method we solve a sort of quasi-Einstein equations,
0 = G˘µν − 8πT˘µν , (86)
where
G˘µν = Rµν − 1
2
ηµνη
αβRαβ , T˘µν = Sµν − 1
2
ηµνη
αβSαβ . (87)
Here the use of ηµν instead of gµν is not an approximation because (85) implies
(86) whether G˘µν and T˘µν are defined with ηµν or gµν . Note that the references
use many different notations in (86): instead of G˘µν others use Πµν/2+Λµν,
Φµν/2+Λµν or [LS:µν] and instead of 8πT˘µν others use −2Sµν , −Λ′µν, −Λµν
or [RS:µν].
The equations of motion result as a condition that the field equations (86)
have acceptable solutions. In the language of the EIH method, acceptable solu-
tions are those that contain only “pole” terms and no “dipole” terms, and this
can be viewed as a requirement that the solutions should resemble Reissner-
Nordstro¨m solutions asymptotically. To express the condition of solvability
we must consider the integral of the field equations (86) over 2D surfaces S
surrounding each singularity,
lCµ =
1
2π
∫ S
( lG˘µk − 8π lT˘µk)nkdS. (88)
Here nk is the surface normal and l is the order in λ. Assuming that the
divergence of the Einstein equations (84) vanishes, and that (86) has been
solved to all previous orders, it can be shown[11] that in the current order
( lG˘µk − 8π lT˘µk)|k=0. (89)
Here and throughout this section “|” represents ordinary derivative[11]. From
Green’s theorem, (89) implies that lCµ in (88) will be independent of surface
size and shape[11]. The condition for the existence of an acceptable solution
for 4γik is simply
4Ci = 0, (90)
and these are also our three O(λ4) equations of motion[11]. The C0 component
of (88) causes no constraint on the motion[11] so we only need to calculate
G˘ik and T˘ik.
At this point let us introduce a Lemma from [11] which is derived from
Stokes’s theorem. This Lemma states that∫ S
F(···)kl|lnkdS = 0 if F(···)kl = −F(···)lk, (91)
where F(···)kl is any antisymmetric function of the coordinates, nk is the surface
normal, and S is any closed 2D surface which may surround a singularity. The
equation 4Ci=0 is a condition for the existence of a solution for 4γik because
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4γik is found by solving the O(λ4) field equations (86), and 4Ci is the integral
(88) of these equations. However, because of the Lemma (91), it happens
that the 4γik terms in 4G˘ik integrate to zero in (88), so that 4Ci is actually
independent of 4γik. In fact it is a general rule that Ci for one order can be
calculated using only results from previous orders[11], and this is a crucial
aspect of the EIH method. Therefore, the calculation of the O(λ4) equations
of motion (90) does not involve the calculation of 4γik, and we will see below
that it also does not involve the calculation of 3fik or 4f0k.
The 4G˘ik contribution to (88) is derived in [11]. For two particles with
masses m1, m2 and positions ξ
i
1, ξ
i
2, the O(λ4) term from the integral over the
first particle is
G˘
4Ci =
1
2π
∫ 1
4G˘iknkdS = −4
{
m1ξ¨
i
1 −m1m2
∂
∂ξi1
(
1
r
)}
, (92)
where
r =
√
(ξs1 − ξs2)(ξs1 − ξs2) . (93)
If there is no other contribution to (88), then (90) requires that G˘4Ci=0 in (92),
and the particle acceleration will be proportional to a ∇(m1m2/r) Newtonian
gravitational force. These are the EIH equations of motion for vacuum general
relativity to O(λ4), or Newtonian order.
Because our effective energy momentum tensor (58) is quadratic in fµν , and
the expansions (77-83) begin with λ2 terms, the O(λ2) − O(λ3) calculations
leading to (92) are unaffected by the addition of the electromagnetic terms to
the vacuum field equations. However, the 8π 4T˘ik contribution to (88) will add
to the 4G˘ik contribution. To calculate this contribution, we will assume that
our singularities in fνµ are simple moving Coulomb potentials, and that θ
ρ=0,
Λ=0. Then from (67,82-83) we see that 2F0k=2f0k, and from inspection of the
extra terms in our Maxwell equations (45,46,67) and Proca equation (70), we
see that these equations are both solved to O(λ3). Because (58) is quadratic
in fµν , we see from (82-83) that only 2f0k can affect the O(λ4) equations of
motion. Including only 2f0k, our fµν is then a sum of two Coulomb potentials
with charges Q1, Q2 and positions ξ
i
1, ξ
i
2 of the form
2Aµ = (2ϕ, 0, 0, 0) , 2f0k = 2 2A[k|0] = − 2ϕ|k, (94)
2ϕ=ψ
1 + ψ2 , ψ1 = Q1/r1 , ψ
2 = Q2/r2, (95)
ra=
√
(xs − ξsa)(xs − ξsa) , a = 1...2 . (96)
Because (58) is quadratic in both fµν and gµν , and the expansions (77-
83) start at λ2 in both of these quantitites, no gravitational-electromagnetic
interactions will occur at O(λ4). This allows us to replace covariant derivatives
with ordinary derivatives, and gνµ with ηνµ in (58). This also allows us to
replace T˘µν from (86,87) with (58). Keeping only O(λ4) terms when (94) is
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substituted, the spacial part of (58) gives,
8π 4T˘sm = 2
(
fs
0f0m − 1
2
ηsmf
r0f0r
)
+
(
2fa0f0(s|m)|a+f
0
s|af0m|
a+f0a|sf
a
0|m− 12 ηsm(f
r0f0r)|
a
|a
)
Λ−1b . (97)
Note that 2ϕ from (95) obeys Gauss’s law,
ϕ|a|a = 0. (98)
Substituting (94) into (97) and using (98) gives
8π 4T˘sm = −2
(
ϕ|sϕ|m +
1
2
ηsmϕ|rϕ|r
)
+
(
2ϕ|aϕ|s|m|a−ϕ|s|aϕ|m|a+ϕ|a|sϕ|a|m+
1
2
ηsm(ϕ|rϕ|r)|a|a
)
Λ−1b (99)
= −2
(
ϕ|sϕ|m +
1
2
ηsmϕ|rϕ|r
)
− 2(ϕ|[sϕ|a]|m + ϕ|rϕ|r|[sηa]m)|aΛ−1b . (100)
From (91), the second group of terms in (100) integrates to zero in (88), so
it can have no effect on the equations of motion. The first group of terms in
(100) is what one gets with Einstein-Maxwell theory[12,36,37], so at this stage
we have effectively proven that the theory predicts a Lorentz force.
For completeness we will finish the derivation. First, we see from (100,98)
that 4T˘sm|s = 0. This is to be expected because of (89), and it means that
the 8π 4T˘sm contribution to the surface integral (88) will be independent of
surface size and shape. This also means that only 1/distance2 terms such as
ηsm/r
2 or xsxm/r
4 can contribute to (88). The integral over a term with any
other distance-dependence would depend on the surface radius, and therefore
we know beforehand that it must vanish or cancel with other similar terms[11].
Now, ϕ|i=ψ
1
|i+ψ
2
|i from (95). Because ψ
1
|i and ψ
2
|i both go as 1/distance
2, but
are in different locations, it is clear from (100) that contributions can only
come from cross terms between the two. Including only these terms gives,
8π 4T˘
c
sm = −2(ψ1|sψ2|m+ψ2|sψ1|m+ ηsmψ1|rψ2|r). (101)
Some integrals we will need can be found in [11]. With ψ = 1/
√
xsxs we have,
1
4π
∫ 0
ψ|mnmdS = −1 ,
1
4π
∫ 0
ψ|anmdS = −
1
3
δam. (102)
Using (101,102,95) and integrating over the first particle we get,
1
2π
∫ 1 [
−8πT˘sm
]
nmdS =
1
2π
∫ 1
2(ψ1|sψ
2
|m+ψ
2
|sψ
1
|m+ ηsmψ
1
|rψ
2
|r)nmdS (103)
=4Q1ψ
2
|s(ξ1)
(
−1
3
−1+1
3
)
= −4Q1ψ2|s(ξ1). (104)
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Using (90,88,104,92,95) we get
0 = 4Ci = −4
{
m1ξ¨
i
1 −m1m2
∂
∂ξi1
(
1
r
)}
− 4Q1ψ2|i(ξ1) (105)
= −4
{
m1ξ¨
i
1 −m1m2
∂
∂ξi1
(
1
r
)
+Q1Q2
∂
∂ξi1
(
1
r
)}
, (106)
where
r =
√
(ξs1 − ξs2)(ξs1 − ξs2). (107)
These are the EIH equations of motion for this theory to O(λ4), or Newtonian/
Coulombian order. These equations clearly exhibit the Lorentz force, and in
fact they match the O(λ4) equations of motion of Einstein-Maxwell theory.
8 An exact electric monopole solution
Here we give an exact charged solution for this theory which closely approx-
imates the Reissner-Nordstro¨m solution[38,39] of Einstein-Maxwell theory. A
MAPLE program[40] which checks the solution and the derivation[41] are
available. The solution is
ds2 = cˇadt2 − 1
cˇa
dr2 − cˇr2dθ2 − cˇr2sin2θdφ2, (108)
f10 =
Q
cˇr2
,
√
−N = r2sin θ, √−g = cˇr2sin θ, (109)
F01 = −A′0 =
Q
r2
[
1 +
4M
Λbr3
− 4Λ
3Λb
+ 2
(
cˇ− 1− Q
2Vˆ
Λbr4
)(
1− Λ
Λb
)]
,(110)
a = 1− 2M
r
− Λr
2
3
+
Q2Vˆ
r2
(
1− Λ
Λb
)
, (111)
where (′) means ∂/∂r, and cˇ and Vˆ are very close to one for ordinary radii,
cˇ =
√
1− 2Q
2
Λbr4
= 1− Q
2
Λbr4
· · · − (2i)!
[i!]24i(2i−1)
(
2Q2
Λbr4
)i
, (112)
Vˆ =
rΛb
Q2
(∫
r2cˇ dr − r
3
3
)
= 1 +
Q2
10Λbr4
· · ·+ (2i)!
i!(i+1)! 4i(4i+1)
(
2Q2
Λbr4
)i
,(113)
and the nonzero connections are
Γ˜ 100 =
aa′cˇ2
2
− 4a
2Q2
Λb r5
, Γ˜ 010 = Γ˜
0
01 =
a′
2a
, Γ˜ 111 =
−a′
2a
,
Γ˜ 212 = Γ˜
2
21 = Γ˜
3
13 = Γ˜
3
31 =
1
r
, (114)
Γ˜ 122 = −ar , Γ˜ 133 = −ar sin2θ , Γ˜ 323 = Γ˜ 332 = cot θ , Γ˜ 233 = −sin θcos θ,
Γ˜ 202 = −Γ˜ 220 = Γ˜ 303 = −Γ˜ 330 = −
a
√
2 iQ√
Λb r3
, Γ˜ 110 = −Γ˜ 101 = −
2a
√
2 iQ√
Λb r3
.
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The solution matches the Reissner-Nordstro¨m solution except for terms
which are negligible for ordinary radii. To see this, first recall that Λ/Λb ∼
10−122 from (3,12), so the Λ terms are all extremely tiny. Ignoring the Λ
terms and keeping only the O(Λ−1b ) terms in (110,111,112,113) gives
F01 =
Q
r2
[
1 +
4M
Λbr3
− 4Q
2
Λbr4
]
+O(Λ−2b ), (115)
A0 =
Q
r
[
1 +
M
Λbr3
− 4Q
2
5Λbr4
]
+O(Λ−2b ), (116)
a = 1− 2M
r
+
Q2
r2
[
1 +
Q2
10Λbr4
]
+O(Λ−2b ), (117)
cˇ = 1− Q
2
Λbr4
+O(Λ−2b ). (118)
For the smallest radii probed by high-energy particle physics we get from (36),
Q2
Λbr4
∼ 10−66. (119)
The worst-case value of M/Λbr
3 might be near the Schwarzschild radius rs
of black holes where r= rs =2M and M/Λbr
3 = 1/2Λbr
2
s . This value will be
largest for the lightest black holes, and the lightest black hole that we can
expect to observe would be of about one solar mass, where we have
M
Λbr3
∼ 1
2Λbr2s
=
1
2Λb
(
c2
2Gm⊙
)2
∼10−77. (120)
From (119,120,3,12) we see that our electric monopole solution (108-111)
has a fractional difference from the Reissner-Nordstro¨m solution[38,39] of at
most 10−66 for worst-case radii accessible to measurement. Clearly our solu-
tion does not have the deficiencies of the Papapetrou solution[42,43] in the
original theory, and it is almost certainly indistinguishable from the Reissner-
Nordstro¨m solution experimentally. Also, when this solution is expressed in
Newman-Penrose tetrad form, it can be shown to be of Petrov Type-D[24].
And of course the solution reduces to the Schwarzschild solution for Q= 0.
And from (115-118) we see that the solution goes to the Reissner-Nordstro¨m
solution exactly in the limit as Λb→∞.
The only significant difference between our electric monopole solution and
the Reissner-Nordstro¨m solution occurs on the Planck scale. From (108,112),
the surface area of the solution is[44],(
surface
area
)
=
∫ pi
0
dθ
∫ 2pi
0
dφ
√
gθθgφφ = 4πr
2cˇ = 4πr2
√
1− 2Q
2
Λbr4
. (121)
The origin of the solution is where the surface area vanishes, so in our coordi-
nates the origin is not at r= 0 but rather at
r0 =
√
Q(2/Λb)
1/4. (122)
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From (35,12) we have r0∼ lP ∼ 10−33cm for an elementary charge, and r0≪
2M for any realistic astrophysical black hole. For Q/M < 1 the behavior at
the origin is hidden behind an event horizon nearly identical to that of the
Reissner-Nordstro¨m solution. For Q/M > 1 where there is no event horizon,
the behavior at the origin differs markedly from the simple naked singularity
of the Reissner-Nordstro¨m solution. For the Reissner-Nordstro¨m solution all of
the relevant fields have singularities at the origin, with g00∼Q2/r2, A0=Q/r,
F01=Q/r
2, R00∼2Q4/r6 and R11∼2/r2. For our solution the metric has a less
severe singularity at the origin, with g11∼−
√
r/
√
r − r0. Also, the fields Nµν ,
N⊣νµ,
√−N , Aν , √−gfνµ, √−gfνµ, √−ggνµ, √−ggνµ, and the functions “a”
and Vˆ all have finite nonzero values and derivatives at the origin, because it
can be shown that Vˆ (r0)=
√
2 [Γ (1/4)]2/6
√
π−2/3 = 1.08137. The fields Fνµ,
Γ˜αµν and
√−g R˜νµ are also finite and nonzero at the origin, so if we use the
tensor density form of the field equations (41,45), there is no ambiguity as to
whether the field equations are satisfied at this location.
9 An exact electromagnetic plane-wave solution
Here we give an exact electromagnetic plane-wave solution for this theory
which is identical to the electromagnetic plane-wave solution in Einstein-
Maxwell theory, usually called the Baldwin-Jeffery solution[45,46,47,48]. We
will not do a full derivation, but a MAPLE program[40] which checks the solu-
tion is available. We present the solution in the form of a pp-wave solution[47],
and a gravitational wave component is included for generality. The solution is
expressed in terms of null coordinates x, y, u = (t− z)/√2, v = (t+ z)/√2,
gµν =

−1 0 0 0
0 −1 0 0
0 0 H 1
0 0 1 0
 , √−gfµν = √2

0 0 0 fˇx
0 0 0 fˇy
0 0 0 0
−fˇx −fˇy 0 0
 , (123)
fµν = 2A[ν,µ] = 2A,[νkµ] =
√
2

0 0 −fˇx 0
0 0 −fˇy 0
fˇx fˇy 0 0
0 0 0 0
 , √−g = √−N = 1 (124)
where
kµ = (0, 0,−1, 0), Aµ = (0, 0, A, 0), A = −
√
2(xfˇx + yfˇy), (125)
H = 2Hˆ +A2 (126)
= 2(h+x
2 + h×xy − h+y2) + 2(fˇ2x + fˇ2y )(x2 + y2), (127)
Hˆ = h+x
2 + h×xy − h+y2 + (yfˇx − xfˇy)2. (128)
and the nonzero connections are
Γ˜ 133 =
1
2
∂H
∂x
, Γ˜ 233 =
1
2
∂H
∂y
, Γ˜ 433 =
1
2
∂H
∂u
− 2
Λb
∂(fˇ2x + fˇ
2
y )
∂u
,
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Γ˜ 413 =
1
2
∂H
∂x
− 2i√
Λb
∂fˇx
∂u
, Γ˜ 431 =
1
2
∂H
∂x
+
2i√
Λb
∂fˇx
∂u
, (129)
Γ˜ 423 =
1
2
∂H
∂y
− 2i√
Λb
∂fˇy
∂u
, Γ˜ 432 =
1
2
∂H
∂y
+
2i√
Λb
∂fˇy
∂u
.
Here h+(u), h×(u) characterize the gravitational wave component, fˇx(u), fˇy(u)
characterize the electromagnetic wave component, and all of these are arbitrary
functions of the coordinate u = (t− z)/√2.
The solution above has been discussed extensively in the literature on
Einstein-Maxwell theory[45,46,47,48] so we will not interpret it further. It
is the same solution which forms the incoming waves for the Bell-Szekeres
colliding plane-wave solution[48], although the full Bell-Szekeres solution does
not satisfy our theory because the electromagnetic field is not null after the
collision.
10 Conclusions
The Einstein-Schro¨dinger theory is modified to include a cosmological constant
Λz which multiplies the symmetric metric. This is assumed to be nearly can-
celled by Schro¨dinger’s “bare” cosmological constant Λb which multiplies the
nonsymmetric fundamental tensor, such that the total cosmological constant
Λ=Λb+Λz matches measurement. The resulting theory closely approximates
Einstein-Maxwell theory for |Λz|∼1/(Planck length)2, and it becomes exactly
Einstein-Maxwell theory in the limit as |Λz|→∞.
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A Solution for Nνµ in terms of gνµ and fνµ
Here we invert the definitions (4,22) of gνµ and fνµ to obtain (33,34), the approximation of
Nνµ in terms of gνµ and fνµ. First let us define the notation
fˆνµ=fνµ
√
2 i Λ
−1/2
b
. (130)
We assume that |fˆνµ|≪ 1 for all components of the unitless field fˆνµ, and find a solution
in the form of a power series expansion in fˆνµ. Lowering an index on (23) gives
(
√−N/
√
−g )N⊣µα = δµα − fˆµα. (131)
Let us consider the tensor fˆµα = fˆµνgνα. Because gνα is symmetric and fˆµν is anti-
symmetric, it is clear that fˆαα = 0. Also because fˆνσ fˆσµ is symmetric it is clear that
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fˆνσ fˆσµfˆµν = 0. In matrix language therefore tr(fˆ)=0, tr(fˆ3)= 0, and in fact tr(fˆp)=0
for any odd p. Using the well known formula det(eM ) = exp (tr(M)) and the power series
ln(1−x) = −x− x2/2− x3/3− x4/4 . . . we then get[49],
ln(det(I−fˆ)) = tr(ln(I−fˆ)) = −fˆρσ fˆσρ/2 + (fˆ4) . . . (132)
Here the notation (fˆ4) refers to terms like fˆταfˆασ fˆσρfˆρτ . Taking ln(det()) on both sides
of (131) using (132) and the identities det(sM )= sndet(M ), det(M−1)= 1/det(M ) gives
ln
(√−N√−g )= 1(n−2) ln(N(n/2−1)g(n/2−1) ) = − 12(n−2) fˆρσ fˆσρ + (fˆ4) . . . (133)
Taking ex on both sides of (133) and using ex = 1 + x+ x2/2 . . . gives
√−N√−g = 1−
1
2(n−2) fˆ
ρσfˆσρ + (fˆ
4) . . . (134)
Using the power series (1−x)−1 =1 + x + x2 + x3 . . ., or multiplying (131) term by term,
we can calculate the inverse of (131) to get[49]
(
√
−g/√−N )Nνµ = δνµ + fˆνµ + fˆνσ fˆσµ + fˆνρfˆρσ fˆσµ + (fˆ4) . . . (135)
Nνµ = (
√−N/
√
−g )(gνµ + fˆνµ + fˆνσ fˆσµ + fˆνρfˆρσ fˆσµ + (fˆ4) . . .). (136)
Here the notation (fˆ4) refers to terms like fˆναfˆασ fˆσρfˆρµ. Since fˆνσ fˆσµ is symmetric and
fˆνρfˆρσ fˆσµ is antisymmetric, we obtain from (136,134,130) the final result (33,34).
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